We show that a long-distance quantum communication can be based on multiphoton bipartite entanglement and photon-number-resolved detection, the resources provided by the current quantumphotonic technology. The protocol is robust to high transmission losses and offers near-maximally entangled states in realistic implementations. It can be realized in a delayed-choice scheme and it allows one to perform loophole-free Bell tests. The schema discussed can be employed as a source of entanglement for e.g. establishing an Earth-to-space quantum channel, quantum metrology and quantum key distribution.
Introduction.-Distribution of photonic entanglement is the key to building quantum networks which facilitate secure long-distance quantum communication [1] , distributed quantum computation [2] and sensing [3] . However, entanglement gets corrupted by losses in the transmitting channels. Since amplification of quantum signals is impossible [4] , alternative remedies are on high demand. One option is to use quantum repeaters [5] [6] [7] [8] [9] [10] [11] . However, linking distant parties necessitates numerous intermediate stations, quantum memories and multiple two-photon Bell pairs, a resource that is often created nondeterministically. The other possibility is to use satellites and space-earth quantum communication as shown recently [12] . In this scheme, Bell-pair entanglement was distributed over 1200 km, which was confirmed by a violation of Bell inequality yet under the fair sampling assumption. Thus, since the aforementioned solutions are challenging in implementation, it remains an open problem how to distribute entanglement in a way that is resource-efficient, verifiable and well suited to the existing quantum-photonic technology.
Here we propose a protocol which allows one to establish long-distance quantum communication based on multiphoton bipartite entanglement and photon-numberresolved detection. It is robust to high symmetric transmission losses which, remarkably, deteriorate only the protocol efficiency, not the amount of generated entanglement. Furthermore, the procedure enables the parties sharing entanglement to perform a loophole-free Bell test.
Bipartite entanglement between two physical systems, such as, for example, two photons is revealed by the fact that outcomes of subsequent local measurements in a certain degree of freedom on these two subsystems are random but always correlated, even when the particles are separated by a large distance [13] . Here, we focus on multi-photon bipartite entanglement. Experimentally, this type of state can be created by means of spontaneous parametric down-conversion (SPDC) [14] . SPDC * magdalena.stobinska@gmail.com; Corresponding author sources deterministically produce a two-mode squeezed vacuum (SV). This Gaussian quantum state carries entanglement between quadratures of electric field (continuous variables, CVs) but also between photon numbers in the two modes (discrete variables, DVs), which are unbounded [15] . The latest advances in integrated quantum optics facilitate precise generation and manipulation of SV states in optical chips [16] , as well as detection of their photon number statistics using transition-edge sensors (TESs) [17] with quantum efficiency reaching 95% [18] .
In our protocol a DV entanglement of high local dimension is created from two sources of an SV state using a generalized Bell measurement. The latter is realized by multiphoton quantum interference on a beam splitter followed by TESs. The protocol can also be realized in a delayed-choice scheme which frees the parties from using quantum memories and allows them to share near-maximally entangled states in realistic implementations. Our setup can also provide entanglement for applications in quantum metrology and quantum key distribution (QKD).
Resources.-We employ two copies of an SV state |Ψ as our input, |Ψ in = |Ψ ⊗2 . In its Schmidt basis, |Ψ takes the form of a superposition of n-photon pairs with real-valued probability amplitudes
where g is the parametric gain which sets the mean photon number in |Ψ to 2 sinh 2 g. Typically g is in the range of 0.01-0.1 and one may often assume √ λ n ≈ g n . Perfect quantum correlations in |Ψ are manifested by equal photon numbers in modes 1 and 2, called the signal and idler, which can be spatially resolved.
Eq. (1) also shows that the subsequent photon number contributions to the SV state: the vacuum, single-photon and higher-order (n > 1) emissions, occur with a probability which follows a geometric progression of a ratio λn+1 λn = tanh 2 g. Thus, the SPDC generates a consider-able amount of multiphoton events also in the regime of weak gain. Our protocol takes advantage of this fact.
Protocol.-A scheme of the proposed entanglement distribution is shown in Fig. 1 . The setup consists of two SPDC sources, each generating |Ψ . The idler beams emitted into modes a 2 and b 2 interfere on a balanced (50 : 50) beam splitter (BS) located on a remote station and then they are detected by TESs. This is an entangling measurement, a multiphoton generalization of the two-photon Bell measurement. As a result of it, the beams a 1 and b 1 become photon-number correlated and an infinite-dimensional input Hilbert space H φ k , where k = 0, . . . , S, are symmetric Kravchuk functions which are orthonormal and resemble discrete, truncated Hermite-Gauss polynomials. They converge to Hermite-Gauss polynomials for large S [21] . The output state in our protocol is therefore
where N is the normalization. Since n + m = S must hold true, which is created by the conversion of CV entanglement to the DV domain. It is parameterized by the Bell measurement readouts k and S − k which define its photon number statistics by setting the probability of detecting n photons to
This protocol can be also realized in a delayed-choice scheme. Then, the measurement taken by Alice and Bob on the signal modes a 1 and b 1 precedes the one performed on the idler modes a 2 and b 2 at the remote station. Due to entanglement in SV states, the photon-number statistics at Alice's and Bob's is again given by |A S (k, n)| 2 .
To quantify entanglement in |Ψ (k,S) out we employ the logarithmic negativity E N = log 2 ||ρ Γ || 1 , where ρ denotes a density operator, Γ is the partial transpose operation and ||·|| 1 is the trace norm
Since the readouts k and S −k uniquely define the state |Ψ (k,S) out , they also determine the amount of entanglement in it. In the case of maximally entangled states in a Hilbert space of dimension S + 1, E Nmax = log 2 (S + 1). This is the maximal amount of entanglement which can be created in H (S+1) out . Our protocol allows one to achieve values close to the maximal one, as shown in Fig. 2 . For a Bell pair E N Bell = 1. 
out .
Interestingly, E N |Ψ
out | does not depend on the parametric gain g. This might be counterintuitive since one would expect that entanglement conversion would perform better for higher amounts of the initial entanglement used. For the SV E N (|Ψ Ψ|) = 2g/ ln 2, and in the limit of infinite squeezing, g → ∞, it tends to the maximally entangled Einstein-Podolsky-Rosen state [22, 23] . Our protocol allows one to obtain high amount of entanglement even for weakly squeezed SVs, at a cost of the overall efficiency which equals λ S , see the SM. For a pulsed SPDC source, the efficiency can be improved by increasing the intensity and repetition rate f rep of the pump. For example, for g = 0.1 and f rep = 80 MHz, the protocol produces ca. 30 4-photon and 3 × 10 5 2-photon entangled pairs per minute.
Real-world applications.-Long-distance photon transmission is affected by attenuation, ranging from 0.2 dB/km for telecommunication fibers to ca. 80 dB for a space-to-Earth channel of 2400 km [12] . The efficiency of a detection system including TESs may drop to 50-60% due to losses and inefficient coupling.
Losses are modeled by inserting additional BSs into the pathways of the photons. Their reflectivity r quantifies the amount of loss. Numerical calculations were performed for different scenarios: the ideal case, the case of moderate losses in the signal beams (r a1,b1 = 20%), large symmetric losses in the idler beams (r a2,b2 = 99.999999%, i.e. 80 dB), as well as small and large unsymmetric losses in the idler beams while keeping moderate losses in the signal arms (r a2 = 10%, r b2 = 50% and r a2 = 99.9999%, r b2 = 99.999999% i.e. 60, 80 dB respectively). In the nonideal cases we set realistic losses at the detectors (r d1,d2 = 50%) however, their influence is negligible. The most relevant results are presented in Fig. 2 . For further details see the SM.
Stunningly, our numerical computations show that the protocol is robust to an arbitrarily high attenuation in the idler modes, as long as it is symmetric. This fact is also revealed by an analytical decomposition of the output state density operator into the following sum ρ
is a density operator of a state with S photons in total in the signal modes which are lossless, created by σ − k and k readouts at the Bell measurement station, with probability
out , the amount of entanglement we obtain "per shot" is probabilistic. However, the most likely event isρ
out |. Since χ σ,S drops rapidly towards zero for S > σ, this renders the remaining components practically irrelevant. Closer inspection ofρ
out reveals that losses scale down the parametric gain g and thus, they influence only the efficiency of the protocol, which is now equal to (1 − r) σ λ σ , without changing its principle of operation. This feature is characteristic to protocols based on two-photon Bell pair entanglement and now we have shown it also for a multiphoton setup. It is worth mentioning that robustness of our protocol to symmetric losses is crucial from the engineering point of view. It corresponds to the common design of transmission channels in telecommunications. Such balanced lines allow one to easily reject external noise and common-mode interference. Nevertheless, our numerical computations indicate that the system performs well also for unsymmetrical losses as long as their order of magnitude is similar.
Detection inefficiencies or losses in signal modes a 1 and b 1 are critical since they spoil generated entanglement, see the SM.
Application to Earth-space communication.
-It is interesting to compare our protocol with the remarkable satellite-based entanglement distribution demonstrated in [12] . There, an SPDC source pumped by a CW laser generated spaceborne Bell pairs at random times, which were next sent by a downlink channel to two mutually remote stations on Earth. The entanglement between the stations was verified by a Clauser-Horne-Shimony-Holt Bell test. However, this scheme was based on postselection and thus, on the fair sampling hypothesis. Due to losses, only one Bell pair from ca. 10 6 reached the stations per second. The rate of the source was estimated by a classical weak measurement (0.01% of the beam). A classical two-way communication between Alice and Bob was necessary to discard the cases when only one of the stations received a photon. The single-photon detectors used could not discriminate between single-and multiphoton inputs.
In contrast, in our protocol Alice and Bob each create locally an SV state. Their sources can be synchronized offline by e.g. precise clocks. A Bell measurement station, e.g. located on a satellite, performs a conditional state preparation. It acts as a central authority which broadcasts via a classical downlink if Alice and Bob share an entangled state. Thus, neither communication between the parties nor filtering out the vacuum or the higherorder emissions is required. The protocol in a form of a delayed-choice experiment frees the parties from the use of quantum memories and allows them to minimize losses in the signal modes.
An important feature of this scheme is that it allows Alice and Bob to perform a Bell test on the whole ensemble of the prepared states without sampling them. This, combined with the use of photodetectors of high efficiency closes the detection loophole and paves the way to performing a genuine loophole-free Bell test [24] [25] [26] .
In addition, the measurement outcomes at the Bell station allow Alice and Bob to choose the dimensionality of their local Hilbert spaces and thus, control the amount of shared entanglement. A family of noise-resistant Bell inequalities for bipartite quantum systems of arbitrarily high local dimension is already known [27] . Alternatively, other methods can be employed if a polarization degree of freedom comes into play. This can be achieved by extending the local resources to four-mode polarizationentangled SV [28, 29] . It is done by using two SPDC crystals and producing two copies of two-mode SV state per party [23] .
Conclusions.-We have proposed a long-range entanglement distribution protocol based on an optimal use of the existing quantum integrated optical components. The protocol is feasible: an experiment which constitutes its proof of concept has been reported in [20] . Unique features that make it an interesting alternative to the existing solutions comprise robustness to arbitrarily high transmission losses, ability of choosing local dimension of the generated entangled state and the possibility of performing a loophole-free Bell test by adopting a preselection instead of postselection procedure. Its efficiency is comparable to the state-of-the-art solutions and can be further tuned. Thus, we believe that our protocol can compete with e.g. recently deployed space-to-Earth entanglement generation setup [12] .
Until now, robustness of entanglement to losses has been an exclusive feature of solutions based on singlephoton technology. Here we demonstrate it also for setups which employ multiphoton entanglement that is naturally generated by commonly available sources of quantum light. This is important since creation of two-photon entanglement requires additional effort.
Our scheme can be useful beyond the context of entanglement distribution. |Ψ (k,S) out is a generalized HollandBurnett (HB) state, which becomes a HB state for k = S/2 [30] . It offers quantum-enhanced optical phase estimation [31] . For almost all k, |Ψ . By means of analytical calculations, we derive formulas quantifying its logarithmic negativity and quantum Fisher information. We also calculate efficiency of the entanglement distribution protocol in the lossless case. In Section II we present an analytical proof that the protocol is robust to symmetric losses occurring before the Bell measurement (i.e. in modes a 2 and b 2 , as shown in Fig. 1 in the main text) . The proof also shows that these losses decrease the protocol efficiency while keeping the amount of generated entanglement constant (between modes a 1 and b 1 ). In Section III and IV we describe a computer program we have developed and used, and results obtained in numerical computations, respectively.
I. ANALYTICAL EXPRESSIONS CHARACTERIZING THE PROTOCOL IN THE LOSSLESS CASE
A. Photon number statistics for the output state |Ψ
The family of output states generated by our protocol is given in Eq. (3) in the main text
where S is the total number of photons distributed between the idler modes and the probability amplitudes A S (k, n) are expressed using symmetric Kravchuk functions φ k [20] A S (k, n) = k, S − k| U BS |n, S − n = e i π
In the probability theory, Kravchuk polynomials k k (n, S) describe a binomial process of a random walk on a line [21] . They are solutions of the Kravchuk difference equation which is a discrete counterpart of the Hermite differential equation [32] . k k (n, S) satisfy discrete orthogonality and completeness relations. Kravchuk functions are defined in terms of Kravchuk polynomials, normalized and multiplied by the root of the binomial distribution
They create an orthonormal set with respect to the binomial distribution for k = 0, . . . , S. Figs. S1-S2 and S3-S4 depict exemplary Kravchuk functions φ k (n − S/2, S) and photon number distributions
for S = 4, 10 and k = 0, . . . , S, respectively. Additionally, for k = S/2, the probability distribution |A S (S/2, n)| 2 possesses an envelope f (n) = 4 πS √ 1−(2n/S−1) 2 [33] which is a probability density function of an arcsine distribution. 
B. Logarithmic negativity for |Ψ (k,S) out
Logarithmic negativity of a physical state given by a density operator ρ is defined as E N (ρ) = log 2 ρ it equals
This formula is derived in the following way
[ρ] n,S−n;m,S−m
[ρ] n,S−n;m,S−m |n, S − m m, S − n| , (S6)
[ρ] * n,S−n;m,S−m |m, S − n n, S − m| , (S7)
[ρ] * n,S−n;m,S−m [ρ] n,S−n;m,S−m |m, S − n m, S − n| (S10)
[ρ] n,S−n;m,S−m 2 |m m| ⊗ |S − n S − n| , (S11)
The above operator is diagonal and therefore, it is easy to compute square root of it by taking square root of its eigenvalues like this
In these formulas, δ n,m denotes the Kronecker delta, equal to 1 for n = m and 0 otherwise.
out ) is depicted in Fig. S5 . It is compared to the value of logarithmic negativity obtained for a maximally entangled state E Nmax .
C. Quantum Fisher Information for |Ψ (k,S) out
Quantum Fisher Information (QFI) of a quantum state gives the upper bound on precision of a parameter estimation which can be achieved using this state. It allows us to assess usefulness of a quantum state for quantum metrology. For |Ψ (k,S) out the QFI can be computed using the following formula [34] 
For comparison, the value of QFI for Holland-Burnett states is equal to F Q (HB) = 2N (N + 1), where N = S/2. Exemplary F Q (ρ 
D. Protocol efficiency
Interference of modes a 2 and b 2 on a BS alters the input state |Ψ in = |Ψ ⊗2 (described in the main text) in the following way
After tracing out modes a 1 and b 1 we obtain
Thus, the probability of detecting |k, S − k behind the BS equals
Since the beam splitter interaction is particle number conserving, S = n + m must hold true. In addition, we note that λ a λ b = λ a+b and therefore,
The protocol efficiency depends solely on the parametric gain g and S. Fig S7 shows p S for g = 0.1 and 0.01.
II. SYMMETRIC LOSSES IN MODES a2 AND b2
A. Ideal case
An SV state reads
Density operator for the input state |Ψ in = |Ψ ⊗2 is as follows
Modes a 2 and b 2 interfere on a beam splitter and the resulting output modes are projected onto |k, S − k d1,d2 . S denotes the total number of photons registered behind the BS and, in the ideal case, it is equal to the total number of photons in the remaining modes a 1 and b 1 . The state created in modes a 1 and b 1 takes the form
where
. This simplifies to
B. Symmetric losses
Losses can be modeled by a beam splitter with reflectivity r ∈ [0, 1] which quantifies the amount of loss. For a Fock state |n it boils down to
where t and r denote the transmitted and reflected mode, respectively, and
For r = 0 it reduces to Tr r U
Applying this procedure to the input state |Ψ in leads to
where r a and r b denote losses at Alice's and Bob's idler modes. We assume that there are no losses in modes a 1 and b 1 and the total number of photons in these modes to-be-measured by the parties equals S = n + m = n ′ + m ′ .
Next, modes a 2 and b 2 interfere on a balanced beam splitter and are projected onto |k, σ − k d1,d2 . In case of no losses S = σ, as in subsection A. This results in the creation of the following statẽ
From Eq. (S37) we see that r S−σ scales λ S directly and it does not influence overall structure of the state. For
reproduces the density operator for the lossless casẽ
The coefficient χ σ,S = r S−σ λ S /Ñ 2 int quantifies the contribution ofρ
to the final density operator. It obtains the highest value for S = σ, χ S,S = λ S , and monotonically decreases for S > σ. Fig. S8 depicts its values for g = 0.01, σ = 4 and r = 1. 
IV. NUMERICAL COMPUTATIONS
A. Symmetric losses in modes a2 and b2
We have computed the logarithmic negativity assuming losses r i in the idler modes a 2 and b 2 to be symmetric. All remaining losses (at the signal modes and detectors) have been set to zero. We have changed r i between 0 and 90%. The case of r i = 99.999999% (80 dB), which is typical of Earth-to-space scenarios, have been also examined. The results are shown in Fig. S9 . The logarithmic negativity is not deteriorated by increasing values of r i and even for r i = 99.999999% it is close to the ideal case. B. Symmetric losses in modes a2 and b2 with lossy detection
We have repeated computations from subsection A while setting nonzero losses r d at the TESs located behind the beam splitter. Fig. S10 depicts the values of E N for r d equal to 5% and 28%, which correspond to detector efficiency of 95% and 72%, respectively. We have also set the range of r i ∈ [0, 99.999999%]. Similarly to the previous case, the results are not deteriorated by the losses. C. Symmetric losses in modes a1 and b1
In order to check the influence of losses r s in the signal modes a 1 and b 1 we have set them to symmetric values in the range between 0% and 50%. The losses at the detectors have been set to 5% and 28% while we assumed no losses at the idler modes. The results are depicted in Fig. S11 . Nonzero values of r s significantly lower the obtained logarithmic negativity, which drops below 1.0 for g = 0.1, S = 4 and r s = 30%. Next, we added symmetric losses at the idler modes and verified that they do not change the result in a significant way. 
D. Unsymmetric losses in modes a2 and b2
Finally, we have checked the influence of unsymmetric losses in the idler modes a 2 and b 2 . To this end, we have set different values of r i between 0 and 99.999999% while changing losses in the signal modes a 1 and b 1 between 0 and 50% as well as keeping losses at the TESs to be 5% or 28%. The results for two representative cases are depicted in Fig. S12 . In the case of losses in mode a 2 set to 10% and losses in mode b 2 set to 90% the results are still similar to those presented in Fig. S11 . However, setting them to 99.9999% 99.9999% (60 dB) and 99.999999% (80 dB) significantly deteriorates the result, even when losses in the signal modes are set to zero. 
